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§1. Introduction (Background)

Zeta-functions of Lie groups = constant part of

partition functions of quantum gauge theories.

§§1.1. Paritition Functions

Partition function = “generating function” of probabilities.

example: Consider a die (a small cube whose faces are numbered from 1 to 6) and the probability of

throwing each number n (n € {1,...,6}) is proportional to w,,.

22:1 nWpy

6 .
Zn:l Wn

the average of numbers in one throw:

Partition function:

6
Z(t)= Z wpe” ",
n=1

Z'(0) 30 nw,

d
—5-(log Z(1))

o ZO) Y w,

3

e By higher order derivatives of Z(t), the avarages of n’, n, ..., (moments) and f(n) can be calculated.

e In particular, if w, = 1, then Z(0) = gstates = volume.
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§§1.2. Quantum Gauge Theory

2.: orientable closed 2-dimensional surface. A: connection of a principal G-bundle. F': curvature.

Paritition funciton: ([ DA denotes the path integral.)

1 1
A= /E NI, F(A)=dA+[AAAL

Zs:.6(1) = / DA e,

In particular, when 7 — 0, only flat connections A (i.e., | F(A)|| = 0) contributes to Zx.c(7).

Z E;G(O) — / 1
flat connections

DA = “the volume of flat connections”.

Witten:
ZE;G(T) —

e_TCZ(QD)/Z

. (dim¢)?8—2

(theta & zeta)

g: genus of X. ¢: all finite dimensional irreducible representations of G. c;(¢): Casimir values.

Prototype of Zeta-functions of Lie groups (Our starting point).

1
Zs.g(0) = Z (dim )2 — = “the volume of flat connections™.

©.¢) 25 ©.¢) 6S
eg. Z = (), Xzzlmsns(m—l—n)s’ mgzzlmsns(m—l—n)s(m—an)s (s =2g—-2)

m,n
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§2. Root Systems
§§2.1. Definitions

Let V be an r dimensional real vector space equipped with inner product (-, -).

A root system A C V is a set of vectors (roots): e
o+ o
. Al =

1. finiteness: |A| < oo and O & A.

o W~ G6s.
2. symmetry: o, A = A forall @ € A. 1 s
3. integrality: («",B) € Z for all o, 8 € A. (W[ =6.
4. a,ca € A = ¢ = £1. |

oq: the reflection with respect to the hyperplane H, orthogonal to «.

W: Weyl group (the group generated by all o.)

vV

aV: coroot (=2u/{o,a). VY =)

A : positive roots (all roots contained in a fixed half space.)
{q,...,a,}; fundamental roots (a basis s.t. Voo = cra)+---+cro € Ay

with all ¢; > 0.)

P, : dominant weights (= @ Zx>ohi, {A1,...,A,} dual basis of {r),...,0}.)  p: Weyl vector (= %Zki.)

Remember: A nice group W acts on A.




§§2.2. Examples
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In the following, we mainly use A" instead of A. (Note A is a root system < A" is a root system.)

§§§2.2.1. Rank 1 and 2

Aj Al X A A,
v
o v
2 O‘z
* Ol;/ ¢ Oli/
V V \V/ \V; O[;/’ O[E/
A+:{O(1} {0‘1’0‘2 3 }
o) +a

§§§2.2.2. Higher Rank

C> (or By)

Vv Vv Vv
ay -0 T

\ \ Vv

% Y%
o) +3a,

200/ + 3y

Root systems are classified as A,,, B,,,C,,, D,,, E¢, E7, Eg, F4,G>. I



§3. Zeta-Functions of Root Systems

§§3.1. Witten Zeta-Functions
a’, A+ p)

Known facts: ¢ < A€l dimg = 1—[ (

V
weh, (aY, p)
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(Weyl’s dimension formula).

Witten zeta-functions (Witten 1991, Zagier 1994):

For a complex simple Lie algebra g of type X,

;W<s;xr>—z(dlm¢)s—K<X> > H Y

rePy OlEA.|_

Formally replace o, and «;’ by m and n appearing in positive coroots.

0@

|
Cwiss A=) —=1(s) i

m=1

0 1 m—+2n
Cw(s;Ap)=2" Y

msnS(m+n)s n

where the summation runs over all finite dimensional irreducible representations ¢.

n m-+n

mun=1 m-+n
> ] >< Y
Sw(s:C)=6" )

msnS(m +n)*(m—+2n)’

m,n=1
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§§3.2. Example: Eg Case

tw(s; Eg) = K(Eg)’ > (m1m2M3m4m5m6m7M8(M1 + m3)(m2 + ma)(m3 + mg)(my + ms)(ms + me)(me + m7)(m7 +
mi,my,m3,mq,ms,me,m7,mg=1
mg)(my +m3 +mgy)(my +m3 +mg)(my +mg+ms)(msz +my +ms)(mg +ms +me)(ms +me +my)(me +m7 +mg)(my +my +m3 +mg)(my +
m3+mg4~+ms)(my+m3+mg+ms)(my+mg+ms+me)(m3z +mg+ms+me)(mg +ms +me+m7)(ms +me +my +mg)(my +my +m3 +mq +
ms)(my+m3+mg+ms+me)(my+m3—+2my+ms)(my+m3+mg+ms+me)(ma+mg+ms+me+my)(m3+mg+ms+me+my)(mg+ms+
me+m7 +mg)(my +my +m3+2my +ms)(my +my +m3+mg+ms+me)(my +m3 +mg+ms~+me+m7)(my +m3+2my +ms +meg)(my +
m3+mg4+ms+me+m7)(my+mg+ms+me+my+mg)(m3+my+ms+me+my+mg)my +my+2m3+2my+ms)(my +mo+m3+2my +
ms—+meg)(my+my+m3+my+ms+me+m7)(my+m3+myg+ms+me+mg+mg)(my+m3+2my+2ms+me)(my +m3 +2mqg +ms +me+
m7)(my+m3+mg+ms+me+mg+mg)(imy+my+2m3+2my+ms+me)(my +mo+m3+2my+2ms~+me)my +my+m3+2mg+ms+me+
m7)(my+my+m3+mg+ms+me+m7+mg)my+m3+2my+2ms+me+m7)(my+m3+2my+ms+me+my+mg)my+mo+2m3+2my+
2ms+me)my+my+2m3+2my+ms+me+m7)(my+my+m3+2my+2ms +me+m7)(my +my+m3+2myg+ms+me+m7+mg)(my +
m3—+2mq+2ms+2meg+m7)(my+m3+2mg+2ms+me+m7+mg)(my +mo+2m3+3mg+2ms+me)(my +mo~+2m3+2myg +2ms +me+
m7)(my +my+2m3+2ma+ms+me+m7+mg)(my +mo+m3+2mqg+2ms+2me+m7)(my +mo+m3+2ma+2ms+me+m7+mg)(ma+
m3—+2my+2ms—+2me+m7+mg)my+2mo+2m3+3myg+2ms+me)my+mo+2m3+3ma+2ms+me+m7)m +mo~+2m3+2my+2ms+
2me+m7)my+my+2m3+2ma+2ms+me+m7+mg)my +moy+m3+2ma+2ms+2me+m7+mg)(my+m3+2my+2ms+2me+2m7 +
mg)(m1 +2ma+2m3 +3mg +2ms +me+m7)(m +mo +2m3+3my +2ms +2me +m7)(my +mo +2m3 +3mg +2ms +me +m7 +mg)(my +
my +2m3 +2mg +2ms +2me +mq +mg)(my +mo +m3 +2my +2ms + 2me + 2m7 +mg)(my + 2mo + 2m3 + 3mg + 2ms + 2me +m7)(my +
2my+2m3+3ma+2ms+me+m7+mg)(my+mo+2m3+3ms+3ms+2me+m7)(my +ma+2m3+3ms+2ms+2me+m7+mg)(my +ma+
2m3+2my4+2ms+2me+2m7 +mg)(my +2my +2m3+3ma +3ms +2me+m7)(my +2ma +2m3 +3my +2ms +2me +m7 +mg)(m +mo +
2m3~+3mg+3ms+2me+m7+mg)(m +my+2m3~+3mg+2ms+2me+2m7+mg)(my +2mo+2m3+4mg+3ms +2me+m7)(my +2mo +
2m3~+3mg+3ms+2me+m7+mg)(my +2my+2m3~+3mg+2ms+2me~+2m7+mg)(m +moy+2m3~+3mg+3ms +2meg~+2m7+mg)(m +
2mo~+3m3~+4ma~+3ms—+2me+m7)my +2my+2m3+4my+3ms+2me+m7+mg)(my +2mo+2m3+3ma+3ms+2me+2m7+mg)(m | +
mo~+2m3—+3ma—+3ms—+3me+2m7+mg)2my +2mo+3m3+4myg~+3ms~+2me+m7)(my +2my+3mz+4ma+3ms+2meg+m7+mg)(m | +
2mo+2m3+4mg+3ms~+2me+2m7+mg)(m 4+ 2mo +2m3+3my +3ms+3meg+2m7 +mg)(2m 1 +2mo 4+ 3m3 +4mg +3ms +2me+m7 +
mg)(my +2my 4+ 3mz +4my + 3ms +2me + 2m7 +mg)my + 2mo + 2m3 +4mg + 3ms + 3me + 2m7 +mg)(2m + 2mo + 3m3 +4m4 + 3ms +
2me+2m7 +mg)my 4+ 2my + 3m3 +4myg + 3ms + 3me + 2m7 +mg)(m + 2mo + 2m3 +4mg + 4dms + 3me + 2m7 +mg)(2m 1 + 2moy + 3msz +
Amg +3ms +3me+2m7 +mg)(m +2mo + 3msz +4mg + 4dms + 3me + 2m7 +mg)(2my +2my + 3msz + dmy + 4ms + 3meg + 2m7 +mg)(m +
2mo~+3ms3+5S5mg+4ms—+3me+2m7+mg)(2m1 +2mo +3m3 +S5my+4ms+3me+2m7+mg)(my +3my+3m3+Smg+4ms +3me +2m7 +
mg)(2my +3my+3mz+S5my+4ms+3me+2m7+mg)2m 4+ 2mo +4m3 + Smy +4ms +3me +2m7 +mg)2my + 3my +4msz + Smyg +4ms +
3me+2m7+mg)2myi +3moy +4ms+ 6my +4ms + 3meg +2m7 +mg)(2my +3my +4mz + 6myg+ Sms+3me+2m7+mg)(2m + 3my +4ms —|—

6my4 +S5ms+4me +2m7 +mg)(2mq + 3mo + 4msz + 6my + Sms +4me + 3m7 +mg)2m 1 + 3my +4m3 + 6myg + Sms +4meg + 3m7 + 2m3))

120 factors, |W| =696,729,600 (large symmetry).

Classification: A,, B,,C,,D,, Eg, E7,Eg, F4,G>.
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§§3.3. Zeta-Functions of Root Systems

Definition 1 ( Zeta-functions of root systems (KMT 2008, multivariable Lerch analog)). For a root system

A of type X, and for s = (54)aen, € C!2+l and y € V, define

. 1
. . 2mi(y,A+p)
é'r(S,y,Xr) — Z € 1_[ (a\/ )\.+,O>Sa,
rEPL aEAL ’
eg. £2((s1,52,53),( );Az) = i g2 i(my1+ny2) T
g- 2 1, 2’ 3 i yl’yz > 2 _ngImslnS2(m+n)s3

Extend s = (S¢)aea, 10 (So)aca DY 5o =5 and define (ws)q = s,,-1,.

Theorem 1 (KMT 2008). For s =k = (ko)aca, € Z5", we have

Z( [ (_1)ka)§r(w_lk’w_ly;Xr)=(—1)'A+'P(k,y;Xr)< [ (2ﬂi)ka),

weW acAiNwA_

where P(K,y; X,) is a multiple periodic Bernoulli function (defined later).

cf. (Xr = Al)

(p(say):Z "’ 5

m=1

2mi)k
‘p(k,)’)-i-(—l)kga(k,—y) — _Bk({y})( i)

k!

(W ={id,0q,})
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§4. Special Zeta-Values (at Positive Even Integers)

Functional Relation:

N
Z( [ (_1)k“)§r(w_lkaw‘1y;Xr)=(—1)'A+'P(k,y;Xr)(1—[ (27]:!) )

weW aeALNwA_ aceAy

Theorem 2. (KMT 2008) For k = (kq)uen, € (2221)|A+| satisfying w™ 'k =K forallw e W,

_1ylaql N
6k, 0:X,) = D P(k,();Xr)( I (27i) )eanaeMka‘

W]

of. (X, =A)) —1 Qi)
¢(k) = 2Bk ] €

In particular, if K = (k)qea, With k € 27~ (that 1s, all k, = k) satisfies the condition, then ¢,(k,0; X, )

Qrk (ke2Z-y)

coincides with the Witten zeta-function. We also have
> 1
£((2.4,4,2),0;C)= Y

m,n=1

(—D* 53 Qri)?\* [ Qriy*\? 53 .
— = .

2221 1513512000\ 2! 41 6810804000

88400 4611163 24
: _ T,
(58,08, 05 C2) = 6 18016456928952000000

m?n*(m +n)*(m +2n)?
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§5. Multiple Periodic Bernoulli Functions

V: the set of all bases V C A. Fix a certain ¢ € V and

= {11} }gev: the dual basis of V¥ = {8} sev.
o () (gl >0,

=g (@oug) <0)

V' =@;_, Za; (coroot lattice), ylvp =
L(V))=@DgvZB" (= 1Q7/L(VY)] < 00).

(a multiple generalization of fractional part).

Definition 2 (generating function, KMT 2010). For t = (7, )aea

Feyxn=3( ] )

VeV yea\v 1y Zﬁthﬁ v’ “/3>
1 ig eXP(fﬁ{Y-l—q}V 8)
ooV 2 (I )

qeQY/L(VY) BeV

Definition 3 (multiple periodic Bernoulli function, KMT 2008).

Fity:X)= )Y PlkyX,) ]_[ —'

P acAy

of. (X, = A1) rel)
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§6. Example: A, Case

V V V
Oy Oy + Oy

t= (toel,[oezatal—i—az) — (t17t27t3)7 a\/
1

y = yioy + 0y

13 t1e'11) 5012032}
F(ty; Az) =

3—t1—hell—1 e2—1
th tlefl{yl—yz} t3et3{y2} f tzetz(l—{yl—yz}) t3et3{y1}

_|_
h+t1—t3 ell—1 eB—1 tH+bH—1n e2 —1 el —1

Fork =2 =(2,2,2),

1 1
P(2,(y1,y2);Az) = 3780 + 90({)’1} —{y1—y2} —{»})

— {32)° —4{y1 — v} 32} = 501 — )

In particular, (y1, y2) = (0,0), %0
1 1
2,(0,0); Ar) = — <
;2( ( ) 2) Z mznz(m —|— ]’l)2 6

mun=1

I @mi)®  n°

—1)° — .
( )3780 (213 2835

f.(X,=A
o ¥ 1Q2riy*  n?

te = 1 2 I
Fay) === Blbhg  BD=c—0I+0PR  t@=5(hr=—
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§7. Functional Relations and Special Zeta-Values

Aj: the subroot system of A with the fundamental roots {«;}ic; (I C {1,...,n}).

W!: the minimal coset representatives of the Weyl group W; of A; (i.e. W = W; W),

Theorem 1 (again). For s =k = (ko)aca, € Z5", we have

Z ( 1_[ (—l)k“)g“r(w_lk,w_ly;Xr) — (—1)|A+|P(k,y;Xr)( 1—[ (Zﬂi)ka).

ke !
weW aoceAirNwA_ oAy

Theorem 3 (functional relations). For s = (Sq)aen, € ClA+l with s, = ky € Zi>o (. € A\ Ar4), we have

Z ( 1_[ (— l)k"‘) o (w™ s, w™ly: X,) = “sum of several lower depth zeta-functions”.

weWw! aceArNwA_

eg. G, case. |[W| =12 and |W?| = 6.
o0

1

703 G == . V
2(8.0:G2)= ) 2 (m + 1) (m + 2n)4(m + 3nY's(2m + 3n)'s % Y

m,n=

;2(37‘9’27 2, 2’2; G2) - 4‘2(3’275‘,2’ 2’2; G2) - {2(2’ 2, 2’S7 3’2; G2)

958 18917
_ §2(232729S72a3;G2) - §2(29S7272,372; G2) - 42(2727S92a293;G2) — _—§(2)§(S +9)+—§(S + 11)

243 2916
(2,4,4,3,3,3;Gy) = : 4) (15)—|—281221 (2)¢(17) H177971 (19)
é' 9 Ty Todydsdy 2) — 8§ C 23328§ é‘ 559872 é‘
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§8. Zeta-Functions of Lie Groups

Witten zeta-functions were originally introduced for compact semisimple Lie groups.

Complex semisimple Lie algebra g <= Simply connected compact semisimple Lie group G.

Let L be a lattice satisfying Q C L C P (Analytically integral forms for a maximal torus of G. (G < L))

Definition 4 (Zeta-functions of Lie groups). For a root system A of type X, define

1
(o, A+ p)e

o(s,y;L; X,) = Z 2T (. A+p) 1—[

AeLNPy QA

Note ¢,(s,y; P; X,) = &-(s,y; X)) if G = G (stimply connected). Let 1(G) be the fundamental group of G.

Theorem 4.
1 .
&r(s,y; L; X,) Z (— 1)<u,2p) (S, ¥+ 115 X)), <we1ghted average over)

- (G
UGN 16760

the universal covering.

of. (X, = A;) with L = Q.

© mimtly | X 2wimily | X 27i(mA+1D)(y+1)
Bt
— 2m+1)S 2 — (m—+1)* 2 — (m+1)*

1 —1 1
C(S,y;Q;A1)=5§(S,y;A1) +7§(S,y+§;A1).

Zeta-functions of Lie groups = L-functions of root systems.
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§9. Special Zeta-Values

Value Relation:
sr(s,y; L; X)) =

D (=D (sy + i X,).

mG)I A,

Definition 5. (multiple periodic Bernoulli function)

Fity;L;X,) =

Y (D" PIF(ty+ s X,)
nelL*/Qv

71(G)]

In the case X, = A, with L = Q,

(2.0:0: Ay) — i 1L (=1 187 ((2711’)2)3_ 18776
PR e )= m2n2(m+n2 31 918540\ 21 /) T~ 688905

mun=1
m=n (mod 3)
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§§9.1. Example: A, Case

There are two cases in the A, case:

o0 e2ni(y,mkl+nkz)
£((51,52:53),¥: SU3)) = £((51,52,83),¥: P Az) )

mun=1

msins2(m +n)s3

o0 e2mi(y.miy+niy)
é‘((51,S2,S3), y. PU(3)) = é‘((Sl,Sz,Sg),y; Q, A2) = Z

mun=1
m=n (mod 3)

msins2(m +n)s3’

oo 2m—+n
0 1078771 ” .
4.1.Y:SU®3)) = — — 271/3),
¢ (3)) iggglnﬂn40n—%n)4 16158662895375 (@=e""")
88392335894
£(6,1;SU(3)) = w18,
5033792571928505760375
., 1012923518531597 y
C8,A{;SUQ3)) = T
221554200140503797221045015625
> 1 3279473
4,0: PU3)) = — 2
¢ (3)) )3 mini(m +n)®  48475988686125

mun=1
m=n (mod 3)

53109402098 "

3020275543157103456225 "
178778564412743 "

39097800024794787744890296875 g

£(6,0; PU3)) =

£(8,0; PU3)) =
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§10. Relation with EZ Zeta-Functions

Definition 6 (Euler-Zagier zeta-functions).

|
g‘EZ,r(SIVSZ,""Sr): Z S ) Sr°

ml m2 <My

mi>mp>--->my>0

Recall zeta-functions of type C;, Cs:

0
1 1
;C j— ‘ ’
£(s;C2) Z(l+m)S1lS2 ms3(21 +m)

[,m=1
00
1

;C3) =
(s:C0= ) (+m 41+ m)y2ls
[.m,n=1
1

msAnss (m +n)e(m~+2n)7(l +m +2n)8(l +2m +2n)%’

Put s, = O for irrelevant variables s,. =

0

1
$:CD= D g = SEz2(s1.82),

[,m=1

> 1

;C3) = = +852553).
£8:63) 1%221(1+m+n)n(1+m)szzss CEZ3(51,52,53)



17726

Zeta-functions of root systems:

: 1
S(s,y;8)= )  emvAHs)
2 ] @i
The set of positive coroots in the root system of type C,:
— (A )long U (Av)short
(Aot = {Otlv+---+oerv, a +--Faf, oo ), )

If we put s, = 0 for long coroots « ", then

o5 oy +er/
> 1 >< o)
’(s,0;A) = E 5
S

(ml‘|""—|‘I’I’lr)sl(mZ—|—---—|—mr)52...m

mlamZa"'aml"zl

Generally, EZ zeta-functions are realized in any root systems.

In the root system of type C,, the decomposition is consistent with the action of the Weyl group.

W(A )10ng _ (A\/)long

W(A )ShOI't — (A )ShOl"[
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In the root system of type C,, the decomposition is consistent with the action of the Weyl group.

W(A )long _ (A )long

W(A )short — (A )short.

Theorem 1 (again). Fors =k = (kg)gen, € Z|>2+|, we have

N
>( 1 <‘1)k°‘)5r<wlk,wly;Xr>=(—1>'A+'P<k,y;xr>(H (2;:!) )

weW oeAirNwA_ aeA

Theorem 2 (again). For k = (ko)gecn, € 2Z=1)*+ satisfying w™'k =K for all w € W,

(—1)IA+]

Xy . Qi) Caca ko
(0. X,) = — P(k,o,xa(]‘[ = )e@n s

aeA L

We want to put s, = 0.

U

Theorems can not be applied.

(In fact, a formal substitution gives a wrong result.)
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Puty=>"'_,yia;. Fora € Ay (¢ =) ;_,a;)), define D, (elimination of a root ) by

(121: " 3yz)

3
Dy =—
o1,

fa=

Definition 7. For A C AL, put t4 = {fg}aca\A.

Fata,y; ) = (([T20) F) ey )

(04S
t
= ) Py [T &
ks Z|A+\A| aeAL\A ¥

Theorem 6. For s =K = (ko)oen, ko € Z>1 (. € AL\ A), ke =0 (0 € A), we have

Z( ] (—1)ka)§(w—1k,w—1y;A):(_1)|A+|pA(kA,y;A)(]_[ k.!

weW acAiNwA_ aeA L

cf. D, 1s the lift of the following to the level of the generating function.

o 2mi(my1+ny)) o0 p2mi(myi+nys)
9 _) = 27i
<8y1 Ay Z mkink2(m +n) mkipk2

m,n=1 m,n=1




20/26

Theorem 7 (generating function for some s, = 0). For A ={vy,...,vy} C A4,
4
(Do D )ty = > -V T )
Vev, yeA\(VUA) TY — 2 pevralplr” '““ﬁ>

1 ig eXP(fﬂ{y-l-cI}V 8)
ST ER (1T ):

qgeQY/L(VY) BeV\A

where (B) denotes the linear hull of B and

Va={VeV|vi¢(VNA;) forall j€{0,...,N —1}}.

eg. In the root system of type C,, put k, = 0 for long coroots « .
o, =a) +20) 1

P J < d ) st oy = o)+, 13
o = —— -— ), Vv
Lo £=0 Y1 o,

Dy = (a+28)
o _()8)71 8)’2.

y = yiay + 5.

(i)a]i)a4F)(t17t2’t3at4a }’1,)’2§C2) — FEZ,2(t27t3ay17 )’2)
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htzel21n trtze!2113 izl —i=yhntiyils
F 1,13, V1, =14+ -+ +
£2.2(02:13.31.32) @ —Dtr—13) (B —1(—t2+83)  (e2— (e —1)
trt3e(1={2y1=2Dn trtze!2y1772113

(2= D(h+1r) (€3 — 1)t +1)
ko t§3

(0,@) t2
= Y P(ka,k3,y1,)
ko,kz=1

kolks!

Special values:

Qriy***  (=D* 1 Qri*t*t  #®
4140 8 6300 4140 113400

P4,4,0,0)

—n?
CEZ,2(494) — ( 8)

Value relations: (A refinement of restricted sum formula)

(4,2)+ e 22 4)—(_1)410(4200)(2”i)4+2—(_1)4( : )(2”i)4+2— s

Cez2(%2)F Epz2(%9) = —7 T T g 420/ 4120 T 1260
(6.4)+pz2(4 6)—(_1)413(6400)(2”i)6+4—(_1)4( : )(2’”)6+4— s

¢£2.2(0,4) + £p22(%,0) = YT T 4 13860/ 6141 935550

cf. sum formula

Y Cazatki,. .. ke) = (k).

ky - +hn=k
k,-zl,klzz



eg. In the root system of type Cs, put k, = 0 for long coroots « .

Special values:

(— 1)9 (2ri )2—|—2+2 (— 1)9 1 (27.”')24—24-2 76
P(2,2,2,0,0,0) = = :
21212! 48 840 21212! 5040

(Ez3(2,2,2) =

Value relations: (A refinement of restricted sum formula)

CEz3(2,2,4)+CEz3(2,4,2)+CEz3(4,2,2)
—1 9 ol 24244 —1 9 1 2T 24244 8
=Y p0.2,4,0,00F0 7 _ D (- )( T
6 212141 16 7560 212141 45360

CEz3(2,4,6)+CEz3(2,6,4)+CEz3(4,2,6)+CE73(4,6,2) +E73(6,2,4) + CE7,3(6,4,2)
B (_1)9 (27.”')24—44—6 B (_1)9< 1 >(27.”')2—|—4—|—6 212
N 21416 8 315315

P(2,4,6,0,0,0)

214161 42567525

22/26

Odd cases can be treated in this framework.
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§11. Generalizations of EZ Zeta-Functions

CEZ+(51,82,...,8) <= £(s,0;C,) with s, = 0 for long coroots « .

Thus we can consider the following generalizations. (there are at most two lengthes. X,, = B,,,C,,, F4,G>)
1. ¢(s,0;X,) with s, = O for long coroots «”. (C,, EZ Zeta-functions)

2. £(s,0; X,) with s, = O for short coroots «".

3. ¢(s,0; X,) itself.

> 1
1. S, B — )
¢(8:.52) sz—:l 1511 +m)*2
” & 1
;B3) = '
B I mZn:l IS1m52(1 +m)*3(m + n)*4(I +m +n)*s(l + 2m + n)%
00 > 1
) lmX—:I ms1(21 +m)* S5 1 n;l n*1(2m +n)*2(2l +2m + n)*
SHt— 0o 1 R 71_6
2,2,2;B3) = = '
¢( ) Z n*(2m+n)*(2l4+2m+n)> 40320

[.m,n=1
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G,) =
(G = ) (i (my A+ 3mo)(2my 4 3ma) ma(my +ma)(my +2m2)

mi,mpy=

> 1

(Fy = )

mi,mo,m3,mg=1

mima(my +my)(my +2ms3)
1

(ma +2m3 +2my)(my +mo +2m3)(my +2my +2m3)
1

(my+my+2ms+2my)(m +2my~+2ms3+2my4)(my 4+ 2my +4msz + 2my)
1

(m +3my+4ms +2ma)2my + 3my + dmz + 2my)
1

m3mg(my +ms3)(m3 +my)
1

(mq +my+m3)(my+m3~+my)(my +2ms +my)
1

(my1+my+m3+my)(my +my+2m3+mg)(my +2my +2m3 +my)
1

(m1+2mo+3msz+my)my+2mo+3ms+2my)

Details are future work. I
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§12. Integral Representation

Theorem 8 (K. 2006, 2007).

Y. a union of smooth surfaces.

S : a set of linear functionals on C" .

e51M1 ... g§RMR

o0 (©.@)
2:: 2::(611+b11m1-|— - biRmRY1 - (an +bximi+ -+ byrmp)N

1 / eb11++bir—apzy ., .e(bN1+"'+bNR_aN)ZNZ‘;1_1 Nl

1
L(s1)---T'(sy) ;11 e2mit(s) —

dziAN---Ndzp.
(e21b11+F+ZNbNT — o81) ... (eZ1P1RTF+INDNR — @8R) 2l N

00 s—1
1 1

cf. f(s)=) —= 5 < dz. C: Hankel contour (D——

— n®  T(s)e™5—1)Jcet—1 \L—
Theorem 9.

, 1
s, ;X — ean(y,k+p)
i X) = Y e

rePy aeA

oyl
. 1 1 / HO(EA+ ZS /\ dz
B sa) o) 21— [y H;:1(€Z“EA+ o) _ 2milyij) o

aeA L
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§§12.1. Example: A, case

1
£((51,52,53),0; A2) = Z Z ms1ns2(m + n)s3

m=1n=1

B |

[(s1)T (s2)I (s3)(e?7i51 — 1)(612”iS2 — 1)(e?7is3 — 1) \ (Singular)

X (e2ni(s1—|—53) _ 1)(e2ni(s2—|—53) _ 1)(e2ni(s1—|—s2—|—s_o,) _ 1) ‘
s1—1 _so—1 _s3—1

41 % %3 .
X ./2 (@5 1) e 5 _ 1)dzl ANdzry Ndz3. (Holomorphic).

123 213 5
C((O, 0,0),0; Aj) = C((O,O,O),O; Ar) = 17’
1
;‘(( ’ 9 )0 AZ)—C(( s ’ )0 Az)_ga
231 321 1
£((0,0,0),0; A2) = £((0,0,0),0; Ay) = 1
where
1 23
£((0,0,0),0; A>) im lim hm £((s1,52,53),0;A»),

§s3—>057—>0s51—0

elc.



